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We propose a new protocol for on-line quantum system estimation on the basis of continuous
weak-measurements with the help of compressive sensing and the optimization algorithm. By di-
rectly measuring the state of the probe system, we indirectly obtain the measurement operators
of the estimated system. The continuous weak measurements for a dynamic evolution open quan-
tum system enable us to derive the time-varying measurement operators of the estimated system.
Compressed sensing is used to reduce the number of the measurements needed and to improve the
efficiency of the estimation. This approach to the on-line state estimation provides a novel solution
to the problem of closed-loop quantum feedback control.
Quantum state estimation (QSE), also called Quan-
tum state tomography (QST), is usually formulated by
means of strong (projective) measurements of an infor-
mationally complete set of measurement operators and
corresponding observables [1]. However, strong measure-
ments collapse the original quantum state, the ensemble
must be reprepared and the measurement apparatus has
to be reconfigured at each step. Weak measurements
(WM) [2] offer an alternative in acquiring quantum mea-
surements and estimating quantum states. In the mea-
suring process, by using continuous weak measurements
(CWM) it is possible to gain the target state informa-
tion without disturbing it substantially, and the value
recovered in CWM can be obtained by computing the
ensemble averaging. The first protocol for the contin-
uous measurement of QST was proposed by Silberfarb
[3] and was implemented in [4], [5]. Usually, the num-
ber of measurements required for a d -dimension density
matrix estimation of an n-qubit system is specified by
O(d×d) = O(2n×2n) = O(4n) [6], which grows exponen-
tially with the system size. Compressed Sensing (CS) [7]
has been brought into the quantum domain in the con-
text of reducing the number of measurements required
for QST [8], [9],[10], Quantum Process Tomography [11],
measurement of complementary observables [12] and the
quantum wavefunction [13]. However, whether a unified
efficient scheme for on-line quantum state estimation us-
ing CWM and partial measurements is feasible, remains
unknown. In this letter, we propose a new protocol for
on-line quantum state estimation on the basis of contin-
uous weak-measurements with the help of compressive
sensing and the optimization algorithm. Our key idea is
to make a weak measurement on the complete measure-
ment operators in an ensemble system by coupling the
ensemble to some probe which can be measured. At each
instant time, we obtain the records of the expectation val-
ues corresponding to some measurement operators using
the indirect results of continuous weak measurements,
and the estimated state is obtained by solving an on-line
optimization problem with physical constraints. CS is
used to reduce the number of the measurements needed
and to improve the efficiency of the estimation. In our
scheme, CWM and the state estimation are carried out
on-line continuously, while the existing techniques usu-
ally perform continuous weak measuring on-line yet es-
timate the state off-line, and known that the estimated
state is a fixed state. During the on-line state estima-
tion in this letter, the state of quantum system is in a
dynamic evolution, and the states estimated on-line are
time-dependent states of the system, so the measurement
operators in the on-line state estimation are no longer a
fixed matrix group. They become a set of time varying
measurement operators. The on-line state estimation re-
ally solves the problem of closed-loop quantum feedback
control. Our procedure is broadly applicable in systems
where continuous weak measurement tools have been de-
veloped, such as nuclear magnetic resonance in molecules
[14] and polarization spectroscopy in atomic vapors [15].
The process of quantum weak measurement is shown
in Fig. 1, which consists of two parts: detection part and
readout part. A probe P is coupled with the estimated
system S, and they become a joint coupled system S⊗P .
For one qubit density matrix ρ, suppose the initial state
of the probe P is |φ〉, and the initial state of the system
S is ρ0 = |ψ〉〈ψ|. HS and HP are the Hamiltonians of
system S and P , respectively, and H = HP ⊗HS is the
Hamiltonian of the joint system.
Probe P
Target System S
Initial state |ψ)
detection part
|φ)
|φ) coupled with |ψ)
Joint 
system
|Ψ(Δt))
Projective 
measurement
Projector |i)(i|⨂𝐼
Coupling 
removed
readout
readout part
Input
output
State of S: |Ψt(Δt))
FIG. 1. Process of quantum weak measurement
The initial state of the coupled system is |Ψ〉: |Ψ〉 =
|φ〉⊗|ψ〉. After the joint evolution of S and P for time ∆t,
the state |Ψ〉 becomes |Ψ(∆t)〉 = U(∆t)|Ψ〉, where U(∆t)
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2is the joint evolution operator U(∆t) = exp(−iξ∆tH/~),
and ξ represents the interaction strength between sys-
tem S and P . |Ψ(∆t)〉 is an entangled state composed
of S and P , which cannot be separately described with
the states of S and P . At time ∆t, a measurement is
performed on the entangled state with the measurement
operator X =
∑
I ⊗ |k〉〈k|, where |k〉 is the eigenstate of
the system P : |0〉 or |1〉 . This measurement is actually
a projective measurement on P , and the outputs are the
eigenvalues corresponding to |k〉. The state of the joint
system after the weak measurement becomes
|Ψk(∆t)〉= (|k〉〈k| ⊗ I · U(∆t)|φ〉 ⊗ |ψ〉)/Θk, (1)
where Θk=
√〈Ψ(∆t)|Πk|Ψ(∆t)〉.
After the projective measurement, the entanglement
between S and P disappears, and the state of S corre-
sponds to the output at time ∆t becomes |ψk(∆t)〉. The
state of the joint system after the weak measurement can
also be represented as
|Ψk(∆t)〉=|k〉 ⊗ |ψk(∆t)〉. (2)
Putting Eq. (2) into the Eq. (2), we can obtain
|ψk(∆t)〉=〈k| ⊗ I · U(∆t)|φ〉 ⊗ |ψ〉/Θk. (3)
We define the weak measurement operator Mk as
Mk = 〈k| ⊗ I · U(∆t) · |φ〉 ⊗ I, (4)
which is a Kraus operator and satisfies
∑
kM
†
kMk = 1.
In this case, Θk becomes
Θk=
√
〈ψ|Mk†Mk|ψ〉. (5)
By substituting Eqs. (4) and (5) in (3), we can get the
relationship between the state of the system S before and
after the whole measurement process as:
|ψk(∆t)〉= Mk√〈ψ|Mk†Mk|ψ〉 |ψ〉. (6)
In such a way, we obtain the weak measurement oper-
ator Mk in Eq. (4) on the system S.
On-line state estimation makes the measurement oper-
ators be no longer a constant matrix group, and they be-
come a set of time varying measurement operators Mk(t).
We need to deduce the time varying measurement oper-
ators used in the on-line state estimation.
The process of on-line estimation of quantum states
based on continuous weak measurements is shown in Fig.
2. Let λ = ξ∆t denote the weak measurement strength,
where both the interaction strength ξ and the evolution
time ∆t are small values. Assume ~ = 1, weak measure-
ment is in the case of ξ∆t → 0. We can get the Taylor
expansion of U and neglect more than three orders of
magnitude as U(∆t) ≈ I ⊗ I − iξ∆tH − (ξ∆t)2H2/2,
FIG. 2. On-line estimation of quantum state based on con-
tinuous weak measurements
which is put into Eq. [4]. At the same time, the Taylor
expansion is carried out, and the minimum amount of
more than three orders is ignored, we can obtain the ex-
pression of the weak measurement operator as Mk(∆t) ≈
I 〈k| φ〉− iξ∆tHS 〈k| HP |φ〉 −(ξ∆t)2H2S 〈k| H2P |φ〉
/
2.
Let rk = (ξ∆t)H
2
S 〈k| H2P |φ〉
/
2, k = 1, 2, ..., d , and the
general form of the weak measure operator is: Mk(∆t) =
I 〈k| φ〉−[rkλ/2+iλHS 〈k| HP |φ〉 ]. Suppose 〈j | φ〉 = 1
when k = j, we can obtain Mi(t) as : Mj(∆t) =
I − (ξrk=j/2 + iξHS)∆t, and all the other measurement
operators of k 6= j can be combined as one operator as:
Mk 6=j(∆t) = Mj⊥(∆t) =
√
rk 6=j∆t, where Mj⊥ and Mj
are orthogonal and satisfy (Mj⊥)
2
+(Mj)
2
= I. For the
continuous weak measurements of a two-level quantum
systems, the measurement operator group only contains
two operators: M0(∆t) and M1(∆t). By selecting the ap-
propriate operator L, the corresponding continuous weak
measurement operators M0(∆t) and M1(∆t) can be con-
structed, respectively, as
M0(∆t) = Mj − i(1− ξ)HS∆t
= I − (ξrk/2 + iH(t)) ∆t
= I − (L†L/2 + iH(t))∆t,
M1(∆t) = Mk 6=j = L ·
√
∆t,
(7)
in which L†L = ξrk.
The stochastic master equation (SME) of the open
quantum system can be written as:
ρ(t+ dt)− ρ(t) = − i
~
[H(t), ρ(t)]dt+∑[
Lρ(t)L† −
(
1
2
L†Lρ(t) +
1
2
ρ(t)L†L
)]
dt
+
√
η
∑[
Lρ(t) + ρ(t)L†
]
dW,
ρ0 = ρ(0),
(8)
in which ρ(t) is the density matrix; H(t) = HS +
HP + u(t)Hc, H(t) is the whole Hamiltonian; HS is
the measured system Hamiltonian, HP is the Hamilto-
nian of Probe system; Hc is the control Hamiltonian.
u(t) is the external regulate value; η is the measure ef-
ficiency and satisfies 0 < η ≤ 1; Let D[L, ρ] = LρL† −
(1/2)
(
L†Lρ+ ρL†L
)
, which is the decoherence effect of
3the measurement process, and a drift term expressed as
a Lindblad form; let H[L, ρ] = Lρ + ρL†, the stochastic
diffusion term introduced by the measurement process is
expressed as a disturbance to the state of the quantum
system, also known as the reverse effect (back-action).
In the condition of homodyne measurement, the noise
produced by measurement output for zero error measure-
ment is a one-dimensional Wiener process, and it satis-
fies E(dW ) = 0, E[(dW )2] = dt. From the continuous
weak measurement process of the quantum system, we
can see that the measurement process actually contains
the system evolution, so the continuous weak measure-
ment operator M0(∆t) contains the system total Hamil-
tonian H(t). If the system random noise and measure-
ment efficiency are both considered in the measurement
process, the evolution operators of the system become
A0 = M0(dt) +
√
ηL · dW,
A1 = M1(dt) +
√
ηL · dW, (9)
where dt = ∆t represents the very short time interval
required for the weak measurement, L · dW denotes the
noise caused by the continuous weak measurements, dW
denotes Gaussian white noise, and W (t) is a Weiner pro-
cess with zero mean E [W (t)] = 0 and unit variance
E[(W (t))
2
] = dt.
The discrete-time dynamic evolution equation of the
stochastic open quantum system S can be written as:
ρ(t+ dt) = A0ρ(t)A
†
0 +A1ρ(t)A
†
1. (10)
The evolution equation of the measurement opera-
tor Mi(t) is: M˙k(t) =
i
~ [H(t),Mk(t)] + LMk(t)L
† −
1
2
(
L†LMk(t) +Mk(t)L†L
)
, the corresponding discrete-
time evolution equation of continuous weak measurement
operators are:
Mk(t+ dt) = M0
†Mk(t)M0 +M1†Mk(t)M1 (11)
According to the theory of compressed sensing (CS),
the density matrix of quantum state can be reconstructed
with only O (rd ln d) measurements’ numbers of random
measurement operators by solving an optimization prob-
lem, where r and d are the dimension and rank of the
density matrix ρ, respectively, and r  d [16]. Here
we use the following estimator of minimizing the 2-norm
under the positive definite constraint:
ρˆ = arg min ‖A · vec(ρ)− y‖2
s.t. ρˆ = ρ, ρ ≥ 0, tr(ρ) = 1 , (12)
where vec(·) represents the transformation from a matrix
to a vector by stacking the matrix’s columns in order on
the top of one another. The sampling matrixA is the ma-
trix form of the all the sampled measurement operators
Mkl(tl); Mkl , l = 1, 2, ...,m is an arbitrary measurement
operator in the l -th or the tl-th measurement. For the
sake of simplicity, we let Mkl = Mkl(tl). The vector y
and matrix A can be expressed according to the current
measurement configurations as [17]:
y(tl) = (〈Mk1 〉 , 〈Mk2〉 , · · ·, 〈Mkm〉)T , l = 1, 2, ...,m,
(13)
and
A(tl) =
(
vec(Mk1)
T vec(Mk2)
T · · · vec(Mkm)T
)
,
l = 1, 2, ...,m,
(14)
where 〈Mki〉, l = 1, 2, ...,m is the corresponding measure-
ment value in the l -th measurement; the sampling vector
y is the vector form of the corresponding observation val-
ues 〈Mkl〉.
One can estimate the quantum state on-line with
a small amount of time-evolving measurement opera-
tors {Mkl}, l = 1, 2, ...,m and corresponding measures
records y(tl), l = 1, 2, ...,m by solving the optimization
problem (12) with an appropriate algorithm.
Consider a 1/2 spin particle ensemble ρ(t) as the sys-
tem of on-line state estimation, which is under z direc-
tion with a constant magnetic field Bz and x direction
control magnetic field Bx = A cosφ. In Schro¨dinger
picture, the initial state of the spin is ρ(0), and ρ(t)
represents the state at moment t. The eigen-frequency
of the spin ensemble ρ(t) in the magnetic field Bz is
ω0 = γBz, where γ is the spin-magnetic ratio of the
particle ensemble, and Ω = γA is the Rabi frequency
of the system Ω ∈ R. The Hamiltonian of system is:
H = H0 + uxHx, where H0 = − (~/2)ω0σz is the free
Hamiltonian, σz =
[
1 0
0 −1
]
is the Pauli operator of
z, uxHx = −~ω0
(
e−iφσ− + eiφσ+
) /
2 = −γAσx is the
control Hamiltonian; σ− =
[
0 0
1 0
]
, σ+ =
[
0 1
0 0
]
, and
ux ∈ R+ is the time-independent control amplitude:
ux = γA. The initial phase of control field is φ = 0. A
continuous weak measurement is applied to the system.
The initial weak measurement operator is Mk in Eq. [4].
The sampling matrix A and y(tl) are calculated accord-
ing to Eq. [13] and Eq. [14]. We use the least-square
algorithm to solve the optimization problem Eq. [12],
and the on-line estimated solution ρˆ(t) is the estimation
of ρ(t). In the experiments, the fidelity f(t) is used to
represent the performance of state estimation: f(t) =
Tr
√
ρˆ(t)1/2ρ(t)ρˆ(t)1/2 . The initial state of the 1/2
spin system is ρ(0) = [ 3/4 −√3/4; −√3/4 1/4 ], and
the Bloch sphere coordinate of ρ(0) is
(√
3
/
2, 0, 1/2
)
.
The interval time between two weak measurements is
∆t = 0.1 a.u., the measure efficiency is set η = 0.5 and
dW = σ · randn(2, 2) and the variance of noise σ = 0.02.
The total number of estimated values under the continu-
ous weak measurements is 200 times in the experiments.
We do the experiments in two cases with different con-
trol strength ux, interaction strength ξ and the Lindblad
operator L: Case 1: ux = 0, ξ1 = 0.3, L = ξ1σz; Case 2:
4ux = 2, ξ1 = 0.3, and L = ξ1σz.
Fig. 3 shows the evolution trajectories of the actual
state ρ(t) of the quantum system and the on-line es-
timated state ρˆ(t) in the Bloch sphere under different
parameters. From Fig. 3(a) one can see that in the
case ux = 0, due to Lindblad operator L = ξ1σx with
orthogonal to H0, resulting the measurement operators
Mkl are orthogonal to H0, which makes the on-line esti-
mated states are always on the z axis. When ux 6= 0, as
shown in Fig. 3(b), the measurement operators Mkl are
not orthogonal to H0, on-line estimations of the quantum
state can achieve more than 95% accuracy of fidelity.
(a) (b)
FIG. 3. Evolution trajectories of the actual state ρ(t) and
the on-line estimation state ρ˜(t) in the Bloch sphere under
different parameters in the case: (a) ux = 0, ξ1 = 0.3,
L = ξ1σx and initial measurement operator Mk1(0) = σz,
(b) ux = 2, ξ1 = 0.3, L = ξ1σz and initial measurement oper-
ator Mk1(0) = σz; in which the red solid line corresponds to
the actual state, the blue dotted line corresponds to the on-
line estimation state, ”o” represents the position of the actual
initial state ρ(0), and ”∗” represents the initial of estimation
state ρˆ(t).
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FIG. 4. Fidelity is the function of sampling times with (a)
dW = 0.02randn(2, 2); (b) Three different noise amplitudes.
From experimental results we can conclude that the
Lindblad operator L determines the direction of deco-
herence, the control strength ux determines the evolu-
tion direction of the state trajectory in Bloch sphere, and
the interaction strength of weak measurement ξ1 deter-
mines the speed of decoherence. The value of control
strength does not affect the accuracy of estimation, and
after the second measurement, all estimated states are
accurate. But due to the existence of the noise, the es-
timated results have fluctuations. The fidelity with 200
times on-line measurement records and estimations with
the variance of noise σ = 0.02 is shown in Fig. 4(a). In
order to investigate the effects of the noise to the fidelity,
we do the experiments of the fidelity with different values
of noise. The results are shown in Fig. 4(b), in which the
variances of noise σ are 0, 0.02 and 0.04, respectively.
We have proposed a new protocol for on-line quan-
tum state estimation based on the continuous weak mea-
surements of a dynamic evolution ensemble system. The
estimation technique is nondestructive and exploits the
compressed sensing theory, providing an implementable
method for more complex application of high accurate
closed-loop quantum feedback control. This is particular
interest for microscopic systems.
This work was supported by the National Natural Sci-
ence Foundation of China under grant no. 61573330 and
61720106009
∗ scong@ustc.edu.cn
† kezhi.li@imperial.ac.uk
[1] M. Paris, Quantum State Estim. 649, (2004).
[2] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge university press,
2010).
[3] A. Silberfarb, P. S. Jessen, and I. H. Deutsch, Phys. Rev.
Lett. 95, 1 (2005).
[4] G. A. Smith, A. Silberfarb, I. H. Deutsch, and P. S.
Jessen, Phys. Rev. Lett. 97, 1 (2006).
[5] S. Chaudhury, A. Smith, B. E. Anderson, S. Ghose, and
P. S. Jessen, Nature 461, 768 (2009).
[6] S. Cong, Control of Quantum Systems: Theory and
Methods (John Wiley and Sons Press, 2014).
[7] Y. C. Eldar and G. Kutyniok, Compressed Sensing:
Theory and Applications (Cambridge University Press,
2012).
[8] D. Gross, Y. K. Liu, S. T. Flammia, S. Becker, and J.
Eisert, Phys. Rev. Lett. 105, 1 (2010).
[9] K. Zheng, K. Li, and S. Cong, Scientific Reports, 6, 38497
(2016).
[10] J. Zhang, K. Li, S. Cong, H. Wang, Signal Processing,
139, 136C142 (2017)
[11] A. Shabani, R. L. Kosut, M. Mohseni, H. Rabitz, M. A.
Broome, M. P. Almeida, A. Fedrizzi, and A. G. White,
Phys. Rev. Lett. 106, 100401 (2011).
[12] D. T. Smithey, Phys. Rev. Lett. 70, 1244 (1993).
[13] M. Mirhosseini, O. S. Maga a-Loaiza, S. M. H. Raf-
sanjani, and R. W. Boyd, Phys. Rev. Lett. 113, 90402
(2014).
[14] I. L. Chuang, N. Gershenfeld, and M. Kubinec, Phys.
Rev. Lett. 80, 3408 (1998).
[15] G. A. Smith, J. Opt. B Quantum Semiclassical Opt. 5,
323 (2003).
[16] A. Smith, C. A. Riofro, B. E. Anderson, H. Sosa-
Martinez, I. H. Deutsch, and P. S. Jessen, Phys. Rev.
A - At. Mol. Opt. Phys. 87, 1 (2013).
[17] K. Li, J. Zhang, and S. Cong, Phy. Rev. A, 96, 012334
(2017).
